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I. Introduction

In this theoretical paper on network goods, we demonstrate, on the one hand, that

positive consumption externalities do not necessarily lead to market congestion.

On the other hand, negative consumption externalities do not necessarily entail

market production overcapacity. Therefore, the shapes of both utility and cost

functions are central in our theory.

In this paper, we consider consumers who are sensitive to the market size. As

usual in economic literature, consumption externalities are considered to be pos-

itive or negative if for instance the consumer’s utility increases or decreases with

the market size. We highlight two types of consumers according to the sign of

these function values: those who buy more on large network markets and those

who buy more on small network markets. We point out that when the market size

varies, their utility also varies, but not necessarily in the same direction. When

considering every impact of positive or negative consumption externalities, four

possible cases may arise.

1. Positive consumption externalities with production overcapacity: the more

Internet users there are, the more Internet providers increase Internet connec-

tion speed. Consumers thus experience positive consumption externalities.

This case has been well studied by the Network literature.

2. Negative consumption externalities with production overcapacity: Cyber

security problems may occur considering the fact that some networks require

the user to reveal personal or even confidential data to sign in. Indeed, the

more Internet users there are, the higher the risks of hacking become. This

affect negatively the user’s utility.

3. Positive consumption externalities with congestion: The Covid-19 pandemic

led to lock-downs all over the world. The Internet Network almost became

the unique substitute for the outside world, increasing people interactions
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and cooperation if we consider the educational field. On line classes devel-

oped sometimes creating congestion despite greater positive consumption

externalities.

4. Negative consumption externalities with congestion: Consider a road net-

work. When the number of drivers increases, the traffic becomes less and

less fluid which causes congestion and air pollution. In general, motorists

are averse to traffic jams. Furthermore, environmental concerns go against

positive consumption externalities.

We depart from the literature by making no assumptions about the sign of the

consumption externalities which are arbitrary functions from the modeling point

of view. A negative (positive) consumption externality thus corresponds to a de-

creasing (increasing) marginal utility with respect to the demanded quantity which

is a decreasing (an increasing) function of the market size. In other words, this

means that the inverse demand is a decreasing (increasing) function of the market

size. In this setting, it turns out that the sign of the externality is endogenous. We

point out that it is relevant to consider its sign after calculating the pure strategy

Nash equilibrium. Indeed, this sign can change depending on the neighborhood

in which the equilibrium is reached.

In the remaining of the paper, we say that consumption externalities are pos-

itive or negative in equilibrium if the marginal utility function increases or de-

creases in the neighborhood of the equilibrium. Depending on the shape of the

α-concave utility function, either the market is balanced or not.

The additive separable shape of the utility function chosen by Katz and Shapiro

(1985)[21] helps understand why in equilibrium consumers’ expectations are ful-

filled. Similarly, in Amir and Lazzati (2011)[3], the existence of a symmetric equi-

librium is due to some properties of the inverse demand function which are direct

consequences of the shape of the consumer’s utility function. Moreover, Amir,

Evstigneev and Gama (2021)[4] investigate the viability problem with an argu-

mentation in the direction of technological progress and exogenous entry of firms.

They obtain the surprising result that ’monopoly leads to the highest prospects for
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viability’ p 1207.

We consider a monopoly and we study the conditions on the utility and the cost

functions for which consumers’ expectations are fulfilled or not. As mentioned

in Amir, Evstigneev and Gama (2021) [4], "the comparison of consumer surplus

requires a more restrictive condition on demand. [. . .] A theoretical investigation at

hand appears needed as a way to gauge the well-foundedness of the conventional

view, which was based on a number of observed cases and stylized facts but little

formal analysis". In the single network industry case, our paper explores the role

of both the consumption externalities’ sign and the cost function’s shape on the

optimal solutions of the market.

After the general model, we present an example with quadratic utility function

and an interaction cost function for the monopoly. Depending on the values of

the parameters, either the consumer’s expectations are fulfilled or not. Moreover,

whatever the consumer’s type, it is shown that the social planner chooses the same

network capacity as the market would have chosen, but provides the consumers

with more consumption in the case where their expectations are fulfilled. Depend-

ing on the values of parameters, the social planner may choose either production

overcapacity or congestion in the single network industry.

Extension in the direction of the emergence of an excess of supply of goods

on non-network market is provided. Replacing the size of the network by the

display of goods allows us to understand the emergence of permanent unsold

stocks of goods. Traditional models explain temporary excess of supply by con-

sidering demand a random variable, (Prescott (1975)[24], Bryant (1980)[7], Lucas

and Woodford (1993)[23], Eden (1990)[16] and Dana (1993)[12]), (Rey and Tirole

(1986)[25], Deneckere et al. (1996)[14]), (Khan and Thomas (2007)[20]), Herbert E.

Scarf (1960)[27], Schutte (1984)[28]. However, a permanent unsold stocks of goods

cannot be considered a random variable. For that reason, the literature introduces

fixed prices under certainty to generate excess of supply, Kawasaki, McMillan and

Zimmermann (1983)[19], Carlton (1986)[8], Mathewson and Winter (1987), Shaffer

(1991)[29]. At the macroeconomic level, fixed prices result in excess of supply on

the goods market and excess of supply on the labor market, resulting in short term
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unemployment, Benassy (1975)[6], and Grandmont (1977)[18]. Another argument

is unobserved consumer’s preferences, Lazear (1986)[22]. The main problem with

those approaches is that in the long run it is hard to assume that prices will not be

adjusted. Consequently, there is no convincing theory of permanent unsold stock

of goods, i.e., a persistent gap between sales and warehouse inventories, as ob-

served on many markets, Wouter J. Den Haan (2013)[33] and Dudin, Nazarov and

Yakupov (2015, p 264)[15]. Our general setting provides a theoretical framework

for explaining such observed facts without fixed price or random variables.

The paper is organized as follows. Section II. is devoted to the model. Section

III. presents the solution of the model. Section IV. exposes an example applied to

Network goods. Section V. discusses and extends the results before Section VI.

concludes.

II. The model

Prior to presenting the consumer’s behavior, we must first define the consumer’s

production-dependent preferences and then provide some useful definitions. We

start by defining the set of available goods, the demand vector q and the supply

vector Q. The latter represents the size of the market. We then study the prop-

erties of individual preferences that depend on production and show that under

the usual Debreu assumptions, there is a utility function that reflects these pref-

erences. Using this utility function, which depends on both quantities demanded

and quantities produced, we can define two types of consumers: Those who value

a large market size and those who prefer a small market size. Then we define the

strategic game played by the consumer and a representative monopoly. Finally,

we present a somewhat generalized Inada-like condition. We need this condition

to prove the existence of a solution of the game in pure strategies with perfect in-

formation and flexible prices characterized either by production overcapacity or

by congestion.
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A. The consumer’s market production dependent preferences

Define by Z = Rn
+ the set of the n goods produced by a monopoly. Denote

q = (q1, ..., qn) ∈ Rn
+ the vector of quantities of goods a consumer wants to buy,

and Q = (Q1, ..., Qn) ∈ Rn
+ the monopoly production of these n goods. In this sub-

section, we consider that a consumer k who buys qi, i = 1, . . . , n units of goods is

sensitive to the quantity Qi of goods produced on market i. For that reason, we

start by defining the properties of his Q-dependent preferences. The consumer k’s

preferences on X are denoted ⪰k: (q′, Q′) ⪰k (q′′, Q′′), (q′, Q′) ∈ R2n
+ , (q′′, Q′′) ∈ R2n

+

means that (q′, Q′) is at least as good as (q′′, Q′′) for consumer k. We will use the

following assumptions and definitions. We assume:

Completness C: for any two consumption points (q′, Q′) ∈ R2n
+ , (q′′, Q′′) ∈ R2n

+ ,

either (q′, Q′) ⪰k (q
′′, Q′′) or (q′′, Q′′) ⪰k (q

′, Q′).

Reflexivity R: for all (q,Q) ∈ R2n
+ , (q,Q) ⪰k (q,Q).

Transitivity T : (q′, Q′) ∈ R2n
+ , (q′′, Q′′) ∈ R2n

+ , (q′′′, Q′′′) ∈ R2n
+ :

(q′, Q′) ⪰k (q
′′, Q′′) ⪰k (q

′′′, Q′′′) ⇒ (q′, Q′) ⪰k (q
′′′, Q′′′).

Continuity Cont: ∀(q′′, Q′′) ∈ R2n
+ , {(q′, Q′) ∈ R2n

+ : (q′, Q′) ⪰k (q′′, Q′′)} and

{(q′, Q′) ∈ R2n
+ : (q′′, Q′′) ⪰k (q

′, Q′)} are closed sets.

Strong monotonicity in q (SMq): (q′, Q) ∈ R2n
+ , (q′′, Q) ∈ R2n

+ , q′ ≥ q′′ (a coordi-

natewise inequality) and there is at least one i, so that q′i > q′′i ⇒ (q′, Q) ≻k (q
′′, Q).

We will use the following theorem:

THEOREM 1 (Debreu [13]) Suppose Y ∈ Rn. If the preference relation ⪯ on Y is

C, T, Cont, then there exists a continuous utility representation U : Y → R.

COROLLARY 1 If preferences are Qk-dependent, there exists a continuous Qk-dependent

utility function U : R2n
+ → R that represents these preferences.

Proof. Using assumptions C,R, T, Cont, this is a direct consequence of the Theo-

rem of Debreu[13]). 2
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There are nice examples of such preferences. Indeed, on the energy markets,

consumers may substitute gaz for oil, oil for coal etc. Consequently, their prefer-

ences are market dependent, see page 3 Abada, Gabriel, Briat and Massol (2013)[1].

DEFINITION 1 We call market-sensitive consumer any consumer who has Qk-dependent

preferences.

It is useful to distinguish the two following types of consumers, according to the

value of k = +,−.

DEFINITION 2 A Q+-consumer is a consumer whose utility increases with the quan-

tity of goods produced on the market.

DEFINITION 3 A Q−-consumer is a consumer whose utility decreases with the quan-

tity of goods produced on the market.

Q is a parameter for the market-sensitive consumer and it represents an addi-

tional instrument for the monopoly which chooses both the price and the quantity

to be produced. For this reason we call it a modified monopoly. We will build a

one-period model considering only one good, one market-sensitive consumer and

a modified monopoly.

A..1 The static strategic game

The static strategic game in which a monopoly plays with only one type of con-

sumer at the time, consists in:

1. A set of players N = {C,M}, where C is a market-sensitive consumer, M for

the modified monopoly.

2. A market-sensitive consumer has a set of actions : A = {q}, where q ∈ R+

is the demanded quantity, and for the monopoly AM = {pm, Qm}, where

pm ∈ R+ is the monopoly price given the demand function, and Qm ∈ R+ is

the market production of good.
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3. A Q-dependent preference relation is defined on the set of consequences C =

A×AM = {(pm, q, Qm)}. The consumer’s preferences relation is represented

by his surplus and the monopoly’s preference relation by its profit.

Define X = R+ ×R+. U(q,Qm) represents the preferences of a market-sensitive

consumer. It satisfies the following assumption.

ASSUMPTION 1 :

• U(q,Qm) is defined on X ;

• Uq(·, Qm) is (−1)-concave in q for all Qm ≥ 0;

• Uq(q, ·) is concave in Qm for all q ≥ 0; UQ(q,Q) ̸= constant ,

• U(q,Qm) has continuous partial derivatives up to third order in X , finite on the

points such that q > 0, Qm > 0;

• Uq(q,Qm) > 0, Uqq(q,Qm) < 0, UQmQm(q,Qm) ≤ 0 for all (q,Qm) ∈ X , they may

take on infinite values on points such that q = 0 or Qm = 0;

Denote p the after-tax market price of the good: p = pm + τ , where τ is a tax. The

consumer’s preferences are represented by V (q, p,Qm) = U(q,Qm) − pq, where V

— the surplus function — and U(q,Qm) — the utility function. From assumption

1 it follows U(·, Qm) and V (·, Qm) are two one-to-one C2 concave functions in q. A

rational market-sensitive consumer maximizes his surplus function with respect

to q, given Qm and p. In this section, the government receives τq and redistributes

it as a lump sum tax in proportion γ to the consumer γτq = γT , the rest (1− γ)T is

attributed to the monopoly. A rational market-sensitive consumer solves Problem

P :

P := max
q

U(q,Qm)− pq + γT. (1)

A market-sensitive consumer considers T a constant.
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B. The modified monopoly

The modified monopoly operates under certainty and sells its product to the market-

sensitive consumer. The total cost function is C(qm, Qm).

ASSUMPTION 2 :

• C : R+ × R+ → [0,∞);

• C is continuously differentiable on (0,∞)× (0,∞);

• C(·, Qm) is strictly increasing and convex for every Qm ≥ 0;

• C(qm, ·) is strictly increasing and convex for every q ≥ 0;

• Cq(0, .) = 0.

The monopoly chooses both the price pm and the production Qm by solving

Problem PM1:

PM1 :

{
max
pm, Qm

Π1(pm, Qm) = pmq(pm, Qm)− C(qm, Qm) + (1− γ)T, (2)

subject to: (qm, Qm) ∈ X. (3)

C. The welfare economy

This Subsection determines the welfare maximizing tax τw that leads the economy

to the welfare maximizing consumption qkw and the welfare maximizing produc-

tion Qk
w. The social welfare is defined as W k(qkw, Q

k
w) = V k(qkw, p

k
w, Q

k
w) + Π(qkw, Q

k
w).

The social planner solves the following program Psp

Psp := max
qkw,Qk

w

W k(qkw, Q
k
w) subject to: (qkw, Qwk) ∈ X.

III. Solutions of the model

We analyse separately the market economy solution and the welfare solution.
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A. The market economy

As the market economy solution is computed without any social planner’s inter-

vention, we consider τ = T = 0 so that p = pm. Under certain conditions on the

shape of the utility function, either an interior solution or a corner solution may

emerge at the pure strategy Nash equilibrium, ∀k = +,−2 .

A..1 The consumer’s solution

Assume that the marginal utility Uq is a one-to-one function. The first order condi-

tion is

pm = Uq(q,Qm) (4)

Since the consumption marginal utility Uq(q,Qm) > 0 we have pm(q,Qm) > 0. Con-

sequently, along the consumer’s optimum p = Uq(q,Qm), p is a decreasing func-

tion of q. Therefore we have pq < 0. Note that the price is production dependent

pQm = UqQm . Examples are provided in Section IV.

A..2 The Modified monopoly’s solutions

We now turn to present the solution of PM1. Replace the solution of the market-

sensitive consumer (4) into the profit function of the monopoly. We suppose the

consumer has enough budget to cover their expenditures. Since in perfect infor-

mation the monopoly takes the consumer’s solution p = Uqm(qm, Qm) as given,

choosing pm is equivalent to choose qm = q and Qm.

Problem PM1 becomes

max
qm, Qm

Π1(qm, Qm) = Uqm(qm, Qm)qm − C(qm, Qm) (5)

subject to: (qm, Qm) ∈ X. (6)

ASSUMPTION 3 :
2This can be interpreted as an equilibrium or an over-production (excess of supply of good).
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• lim
qm→0+

Uqm(qm, Qm)qm = 0;

• There exists a point (qm, Qm) ∈ intX3 so that

1. Uq(qm, Qm)qm − C(qm, Qm) > Uq(qm, 0)qm − C(qm, 0) for all qm ≥ 0;

2. Uq(qm, Qm)qm − C(qm, Qm) > 0;

• Π1 is bounded on X ;

The firm does not have any revenue if they do not sell any quantity (point 1 of

assumption 3). From assumption 3 it follows the solution is on int X . We do

not consider the cases where the market size or the sold quantity are unbounded

(point 3 of assumption 3) and solutions at points so that qm = 0 or Qm = 0 (point 2

of assumption 3).

Since the solution is an interior point it must satisfy the first order condition for

a local extremum: Π1qm = 0 and Π1Qm
= 0:

S1

{
Uqmqm(qm, Qm)qm + Uqm(qm, Qm)−Cq(qm, Qm) = 0, (7)

UqmQm(qm, Qm)qm − CQm(qm, Qm) = 0. (8)

According to Assumption 1 and 2, the profit is quasi-concave in qm (see Corollary

2 in Appendix A) and concave in Qm. Problem S1 may have multiple solutions,

but for sure one of them is a maximum because the function is bounded, according

to Assumption 3. The first relation captures the monopoly’s maximizing-profit

behavior. From this relation, the monopoly extracts the demanded quantity that

maximizes its profit, given the market size Qm. Knowing this maximal quantity,

the second relation indicates that the marginal revenue of an extra unit of market

size should be equal to the marginal cost of this extra unit of market size.

Note that relation (8) can be rewritten as pQmqm − CQm(qm, Qm) = 0. It is im-

portant to note here that the term UqmQm(qm, Qm) can change it sign in the neigh-

borhood of an equilibrium. Consider the following utility function U(q,Q) :=

(−AqQ2 + BQ + C − q)q. We have UqQ = B − 4AqQ which can be positive for

3intX denotes the interior points of the set X .
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the market equilibrium but negative for the social planner’s solution, since the

values of the solution change, see Appendix B for an example with graphic.

Assume that the modified monopoly faces a Q+ consumer, the higher the pro-

duction, the higher their willingness to pay and pQm > 0. Suppose the modified

monopoly faces a Q−-consumer. If the firm wants to decrease production overca-

pacity it must also lower the price. Then again pQm > 0. Consequently, whatever

the type of consumer the monopoly faces, relation (8) may have a solution so that

q⋆ ̸= Q⋆.

Examples presented in this paper illustrate that it is possible for consumption

externalities to be negative while the first derivative of the price with respect to the

market size is positive. Let us denote the elasticity of the cost to the market size

εC/Q := CQm × (Qm/C) and the elasticity of the price to the market size εp/Q :=

pQm × (Qm/pm).

PROPOSITION 1 The problem of the modified monopoly has a solution if pQm(qm, Qm) ≥
0 and this solution secures a positive profit if εC/Q ≥ εp/Q.

Proof. To prove Proposition 1 we solve the system (7), (8). From (7) we have

q⋆m =
Cqm(qm, Qm)− Uqm(qm, Qm)

Uqmqm(qm, Qm)
. (9)

From (8) we have

q⋆m =
CQm(qm, Qm)

UqmQm(qm, Qm)
. (10)

Using pm = Uqm(qm, Qm) and pQm = UqmQm rewrite the two previous relations to

get the following equality

Cqm(qm, Qm)− p(qm, Qm)

Uqmqm(qm, Qm)
=

CQm(qm, Qm)

pQm(qm, Qm)

⇐⇒ Cqm(qm, Qm)− pm(qm, Qm)

CQm(qm, Qm)
=

Uqmqm(qm, Qm)

pQm(qm, Qm)
.

On account of the concavity of the utility function, we have Uqmqm ≤ 0. Further-

more, Cqm(qm, Qm)− p(qm, Qm) ≤ 0 as the opposite of the market power of the firm

in Lerner’s sense. Therefore, from the previous equality we deduce the condition
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that pQm(qm, Qm) ≥ 0 for the equality to hold. The solution should also secure a

positive profit, i.e., q⋆m ≥ C(qm,Qm)
pm(qm,Qm)

. Using relation (10), we have

CQm(qm, Qm)

UqmQm(qm, Qm)
≥ C(qm, Qm)

p(qm, Qm)
⇐⇒ CQm(qm, Qm)

C(qm, Qm)
≥ pQm(qm, Qm)

pm(qm, Qm)

Multiply the last inequality by Qm and obtain the condition εC/Q ≥ εp/Q.
4 2

B. The emergence of a production overcapacity

B..1 Utility of the type U(qm, Qm) = f1(qm) + g1(Qm)

This type of utility function is commonly used in network literature to ensure a

market equilibrium, Katz and Shapiro (1985)[21]. It leads to a Qm-independent

price. Indeed, equation (8) has no solution and there is no over-production of

goods. The maximization problem of the modified monopoly in this case is equiva-

lent to the maximization problem of the monopoly in the classical micro-economic

settings.

B..2 General type of utility

The following two theorems give sufficient conditions for emergence of production

overcapacity, congestion or clear market if we observe Q∗
m (q∗m).

THEOREM 2 Under assumptions 1-3 suppose the observed market size is Q∗
m.

1. If Π1qm (Q
∗
m, Q

∗
m) = 0, then the optimal quantity sold is q∗m = Q∗

m and the market

clears.

2. If Π1qm (Q
∗
m, Q

∗
m) < 0, then the optimal quantity sold is q∗m < Q∗

m and there is an

overcapacity in the market.

3. If Π1qm (Q
∗
m, Q

∗
m) > 0, then the optimal quantity sold is q∗m > Q∗

m and there is a

congestion in the market.
4Similar conditions on elasticities often come up in oligopoly models, see e.g. Cosandier, Garcia

and Knauff (2018).
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Proof. Since Uqm(·, Qm) is (-1)-concave for all Qm, Π1 is quasi-concave in qm for all

Qm ≥ 0 (see Corollary 2 in Appendix A) and Π1 is bounded (Assumption 3) there

are two possibilities:

1. there exists am such that Π1 is increasing in qm in [0; am] and decreasing in qm

in (am;∞) at Qm = Q∗
m;

2. Π1 is decreasing in qm at Qm = Q∗
m.

Depending on the sign of Π1qm (Q
∗
m, Q

∗
m) the monopoly sells more, equal or less

than the observed market size Q∗
m. 2

THEOREM 3 Under assumptions 1-3 suppose the observed demand for the good is q∗m.

1. If Π1Qm
(q∗m, q

∗
m) = 0, then the optimal market size is Q∗

m = q∗m and the market clears.

2. If Π1Qm
(q∗m, q

∗
m) < 0, then the optimal market size is Q∗

m < q∗m and there is a

congestion in the market.

3. If Π1Qm
(q∗m, q

∗
m) > 0, then the optimal market size is Q∗

m > q∗m and there is an

overcapacity in the market.

Proof. From assumption 1 (Uq(qm, ·) is concave in Qm) and assumption 2 (C(qm, ·)
is convex in Qm) it follows Π1(qm, ·) is concave and therefore quasi-concave in Qm

and the proof follows that of Theorem 2. 2

C. The welfare economy

The social planner chooses the welfare maximizing tax / subsidy so that the con-

sumption is qw. As in Katz and Shapiro (1984) welfare is written as a function of

the firm’s individual levels of output, i.e., the market size Qw := Qm, according to

Section C. The market price is pw = pm + τ .
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C..1 The consumer’s solutions

The first order condition of the market-sensitive consumer is modified as follows:

pm + τ = Uqw(qw, Qw) (11)

As explained in Subsection A.1, by the same argument, the economic interpreta-

tion of the marginal condition above is that qp < 0 and pQm = UqQ. Moreover, the

demanded quantity by the consumer is a decreasing function of the tax τ , qτ < 0.

C..2 The modified monopoly solution

Replacing the solution of the market-sensitive consumer (11) into the profit func-

tion of the monopoly, Problem PM1 becomes

max
qw, Qw

Π1(qw, Qw) = (Uqw(qw, Qw)− τ)qw − C(qw, Qw) + (1− γ)T (12)

subject to: (qw, Qw) ∈ X. (13)

The first order condition for a local extremum is Π1qw = 0 and Π1Qw
= 0.

S1(τ)

{
Uqwqw(qw, Qw)qw + Uqw(qw, Qw)− Cqw(qw, Qw)− τ = 0, (14)

UqwQw(qw, Qw)qw − CQw(qw, Qw) = 0. (15)

Since both monopoly and social planner’s solve their respective problem by max-

imizing with respect to both outputs (qw and Qw), there is, a priori, no reason to

expect the outcome to have fulfilled expectations, i.e, to obtain Qw = qw as part of

the solution. If τ > 0 then qw < qm and reciprocally. In relation (15) it is important

to note that the value of the first derivative with respect to the market size of the

marginal utility is not equivalent to the value of the consumption externalities in

equilibrium, i.e., evaluated at the optimal values of qw and Qw. The solution of the

system 14-15 is q∗w = qw(τ) and Q∗
w = Qw(τ).

C..3 The social planner’s solution

When replacing the surplus function by its expression in terms of utility and profit

function by their respective expression, everything cancels out except the con-

sumer’s utility and the cost function of the modified monopoly. The problem is:
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max
qw,Qw

W (qw, Pw) = U(qw, Qw)− C(qw, Qw) (16)

subject to: (qw, Qw) ∈ X. (17)

To exclude degenerate solutions in the boundary of X (i.e. a point (qw, Qw) ∈ X so

that qw = 0 or Qw = 0) and unboundedness of the welfare function we make the

following assumption.

ASSUMPTION 4 :

• There exists a point (qw, Qw) ∈ intX so that

1. U(qw, Qw)− C(qw, Qw) > Uw(qw, 0)− C(qw, 0) for all qw ≥ 0;

2. U(qw, Qw)− C(qw, Qw) > Uw(0, Qw)− C(0, Qw) for all Qw ≥ 0;

• W is bounded on X ;

From point 1 of assumption 4 it follows the solution of the social planner is an

interior point. Again, we do not consider the cases when the solution is at points

so that qw = 0 or Qw = 0. The choice of the social planner (q∗w, Q∗
w) is a solution of

the system {
Uqw(qw, Qw)− Cqw(qw, Qw) = 0, (18)

UQw(qw, Qw)− CQw(qw, Qw) = 0. (19)

To find the optimal value of τ solve either

q∗w = qw(τ), or Q∗
w = Qw(τ). (20)

Having in mind that the utility function U(qw, Qw) is concave in qw and in Qw

(assumption 1) and the cost function C(qw, Qw) is convex in qw and Qw (assumption

2) analogously to Theorems 2 and 3 are the following two theorems.

THEOREM 4 Under assumptions 1-4 suppose the observed market size is Q∗
w.
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1. If Wqm(Q
∗
m, Q

∗
m) = 0, then the social planner clears the market.

2. If Wqm(Q
∗
m, Q

∗
m) < 0, then the social planner chooses production overcapacity.

3. If Wqm(Q
∗
m, Q

∗
m) > 0, then the social planner chooses congestion.

THEOREM 5 Under assumptions 1-4 suppose the observed demand for the good is q∗w.

1. If Π1Qm
(q∗m, q

∗
m) = 0, then the social planner clears the market.

2. If WQm(q
∗
m, q

∗
m) < 0, then the social planner chooses congestion.

3. If WQm(q
∗
m, q

∗
m) > 0, then the social planner chooses production overcapacity.

The proof is similar to the proof of Theorems 2 and 3 presented in section B..2.

In the next section theorems are illustrated by examples.

IV. Economic Applications: Network goods

We now turn to present an economic application of our general modeling of prefer-

ences, dealing with network goods, with either market equilibrium, or production

overcapacity or congestion in pure strategy Nash equilibrium. Suppose for in-

stance that a Qk-consumer buys q ∈ R+ units of debit to a network provider while

the network supplies a maximum of Qm ∈ R+ units which represents the max-

imum size of the network. Moreover, suppose that there are i = 1, . . . , N users

at the same time (the model is static). As in Katz and Shapiro (1985)[21], let us

define the size of the network as Q =
N∑
i=1

qi. Note that q ∈

[
0,

N−1∑
i ̸=j

qj − qi

]
. If a Q+-

consumer is connected to a small network, then their utility increases as the size of

the network increases before the maximum size Qm of the network is reached. If

too many users are connected at the same time, then their utility start to decrease.

The latter situation encapsulates the possibility of congestion.
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A. The consumer

The following example illustrates the functioning of the general model.5 A rational

consumer maximizes their surplus

max
qm

(
−AqmQ

2
m +BQm + C − (qm −D)

)
qm − pmqm.

The solution is qm = BQm+C−(pm−D)
2AQ2

m+2
, from what we extract the price

pm = −2AqmQ
2
m +BQm + C − (qm −D)− qm. (21)

B. The modified monopoly

The rational modified monopoly maximizes its profits given the Qk-consumer de-

mand Π(qm, Qm) := pmqm − qmQm. Replace pm by the consumer’s solution and

solve the following programme

max
qm,Qm

(−2AqmQ
2
m +BQm + C − qm − (qm −D))qm − qmQm.

A maximum in intX must satisfy first order conditions (FOC):

Πqm = 0 ⇐⇒ C − (qm −D) + (B − 1)Qm − 4AqmQ
2
m − 3qm = 0, (22)

ΠQm = 0 ⇐⇒ qm(B − 4AqmQm − 1) = 0. (23)

There are two solutions. The first one is the pure network solution, but direct check

shows it is not a maximum point for the values we have chosen for A,B,C,D to fit

our model.

qm0 = 0, Qm0 =
C +D

1−B
. (24)

5The choice of the shape of the consumption externalities and the shape of the cost function of

the monopoly is crucial. Indeed, if we consider affine consumption externalities aQ+ b with a sep-

arable quadratic cost function, it is not possible to generate the very natural case of congestion with

negative consumption externalities. Therefore, one can think of using quadratic consumption ex-

ternalities of the following form: aQ2+ bQ+ c, but with linear, bi-linear or quadratic cost functions,

solutions are not easily tractable.
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The second one is

q⋆m =
C +D

4
, Q⋆

m =
B − 1

A(C +D)
. (25)

Note that the difference Q⋆
m−q⋆m = B−1

A(C+D)
− C+D

4
can be either positive or negative,

characterizing production overcapacity or congestion. The externality EXT :=

B − 4AqQ can either be positive or negative. Table 1 hereafter simulates all the

possible economic cases.

After introducing a tax/subsidy in the previous model, the after tax price be-

comes p+τ . It leads to the following relation p = C+D−2q+BQ−2AQ2−τ. Rewrite

the modified monopoly problem and solve the first order condition to have

qm0 = 0, Qm0 =
C +D − τ

1−B
. (26)

or

q⋆m =
C +D − τ

4
, Q⋆

m =
B − 1

A(C +D − τ)
. (27)

If the social planner only manipulates the market size, then it is easy to see that τ =

0. The social planner keeps the market size solution. If he chooses to tax/subsidy

consumption, i.e., to solve qm(τ) = qw then the tax/subsidy would be τ = −(C+D).

C. The social planner

The social planner maximizes the welfare function. He solves the following pro-

gramme:

max
qw,Qw

(−AqwQ
2
m +BQw + C − (qw −D))qw − qwQw.

Note that the condition A > 0 implies that the welfare function is concave in Qm

and in qm. Again points such as qw are not maximum points for the values we have

chosen for A,B,C,D. A direct check shows that the solution is

qw =
C +D

2
, Qw =

−1 +B

A(C +D)
.

The price is obtained by replacing the welfare maximizing quantities into relation

(21). We obtain

pw =
(B − 1)B

A(C +D)
− (B − 1)2

A(C +D)
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It is worth noticing that the social planner chooses the same network size as the

market, lower-script w0. Therefore, only one instrument is needed to decentral-

ize the market equilibrium. However, he chooses twice the consumption as the

market. Therefore, it is possible that he chooses congestion while the market has

chosen production overcapacity . The reverse is not possible.

D. Continuing with the example

D..1 No fulfilled expectations equilibrium

Our example has been chosen in order to illustrate that, as in Katz and Shapiro

(1985)[21], the consumer’s expectation on the size of the network Qe and the ex-

pected price pe to pay to access the network may differ from the modified monopoly

optimal solution. Indeed, if the consumer also chooses to use a network which size

optimizes the value of the expected consumption externalities EXTe, the solution

is Qe = B
2Aqm

. Replacing qm into the previous expression and obtain Qe = 2B
A(C+D)

.

Solving the first-order equation Qe = Qm for B leads to B = −1. The condition

for the concavity of the utility function with respect to q is −2 − 2AQ2 < 0 which

involves A > 0. For qm > 0 we must have C + D. Consequently, for B = −1 we

always have Qm < 0. There is no fulfilled expectations equilibrium.

—————– insert Table 1 here. ——————–
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Consumption externalities

Overcapacity Congestion Overcapacity Congestion

A = 8, B = 4 A = 8, B = 4 A = 1, B = 2 A = 8, B = 4

C = −3, D = 4 C = −2.5, D = 4 C = 2, D = −1 C = 1, D = 4

pm 1.43 1.375 2 3.53

qm 0.25 0.375 0.25 1.25

Qm 0.375 0.25 1 0.075

EXT (A,B, qm, Qm) > 0 > 0 > 0 > 0

V (qm, pm, Qm) 0.13 0.21 0.125 1.63

Π 0.26 0.42 0.25 3.26

W 0.49 0.63 0.375 4.89

The social planner

Congestion Congestion Overcapacity Congestion

pw 0.375 0.25 1 0.075

qw 0.5 0.75 0.5 2.5

Qw 0.375 0.25 1 0.075

EXT (A,B, qw, Qw) < 0 < 0 = 0 < 0

V (qw, pw, Qw) 0.53 0.84 0.5 6.53

Π 0 0 0. 0

W 0.53 0.84 0.5 6.53

The Katz and Shapiro case

Overcapacity Overcapacity Overcapacity Congestion

pe 0.5 0.75 0.5 2.5

qe 0.25 0.375 0.25 1.25

Qe 1 0.66 4 0.2

EXT (A,B, qw, Qw) < 0 < 0 < 0 < 0

V (qw, pe, Qe) 0.32 0.40 0.68 1.82

Table 1: All possible economic cases
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Note that the consumer’s surplus evaluated at the welfare maximizing vari-

ables equals the welfare since in this example we have pwqw = qwQw = B−1
2A

.

V. General discussion and extensions

A. General discussion

How can we account for these results? How to understand that a Q−-consumer’s

behavior is compatible with a pure strategy Nash equilibrium with an optimal

over-production of goods? To answer these questions, it is important to econom-

ically interpret the marginal condition of system S1. The first relation captures

the monopoly’s maximizing profit behavior. The second relation indicates that the

marginal revenue of an extra unit of production should be equal to the marginal

cost of this extra unit of production. Moreover, UqQ(q,Q) > 0 is a necessary con-

dition for equation 8 in system S1 to have a solution and it means that the price

is increasing in Q, even if the utility is decreasing in Q, which characterizes a Q−-

consumer. In that case, the firm produces more than the maximal quantity q⋆ < Q⋆.

If UqQ(q,Q) < 0 there will be no excess supply of goods.

B. Extensions

B..1 Unsold stocks of goods

As discussed in the introduction, there are particular markets for which unsold

stocks of goods are permanent. This section analyzes the emergence of permanent

unsold stocks of goods in a very simple modeling of the consumer’s and firm’s

behaviors, thus extending the main results of the management and economic liter-

ature. Let be Q the display of one type of good and q the demand for it.

1. DEFINITION 4 Given Q′ > Q′′, a picky consumer is a Q+-consumer such as

(q,Q′) ≻P (q,Q′′).
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2. DEFINITION 5 Given Q′ > Q′′, a consumer who faces Fear Of Missing Out

(namely a FOMO consumer) is a Q−-consumer such as (q,Q′′) ≻F (q,Q′).

B..1.1 The consumer

Assume that the utility function has the following shape

U(qm, Qm) := A(qm − q2m/4) +BQm + CqmQm, A > 0, C > 0, B − arbitrary.

The consumer is

• picky at qm if B + Cqm > 0;

• without any preference for display at qm if B + Cqm = 0;

• fomo at qm if B + Cqm < 0.

Consumer maximizes its surplus S(qm, Qm, pm) := U(qm, Qm)−pmqm and solves

max
q

(A(qm − q2m/4) +BQm + CqmQm − pmqm.

The solution is pm = A− Aqm/2 + CQm.

B..1.2 The modified monopoly

The rational modified monopoly maximizes its profits given the consumer’s de-

mand Π(qm, Qm) := pmqm − q2m/2−Q2
m/2 and solves the following programme

max
qm,Qm

(A− Aqm/2 + CQm)qm − q2m/2−Q2
m/2.

The system of the First-Order Condition (FOC) is the following

Πqm = 0 ⇐⇒ A− Aqm + CQm − qm = 0, (28)

ΠQm = 0 ⇐⇒ Cqm −Qm = 0 (29)

The profit function is concave as long as ∆m := A+ 1− C2 > 0. The solution is:

q∗m =
A

A+ 1− C2
,

Q∗
m = Cq∗ =

CA

A+ 1− C2
.
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• If 0 < C < 1 then q∗m > Q∗
m and there is a congestion in the market;

• if C = 1 then q∗m = Q∗
m and the market clears;

• if C > 1 then q∗m < Q∗
m and there is an overcapacity in the market;

Welfare considerations

A tax/subsidy τ is now introduced on the market. It is an instrument for the

social planner to lead the economy to the maximum of welfare.

B..1.3 The consumer’s behavior and Welfare

A rational consumer maximizes its surplus and solves

max
qw,Qw

A(qw − q2w/4) +BQw + CqwQw − (pw + τ)qw.

The solution is pw = A− Aqw/2 + CQw − τ.

B..1.4 The modified monopoly’s behavior and Welfare

The rational modified monopoly maximizes its profits given the consumer’s de-

mand Π(qw, Qw, τ) := pw(τ)qw−q2w/2−Q2
w/2 and solves the following programme

max
qw,Qw

(A− Aqw/2 + CQw − τ)qw − q2w/2−Q2
w/2

The solution is

q⋆w =
A− τ

A+ 1− C2
, (30)

Q⋆
w =

C(A− τ)

A+ 1− C2
. (31)

B..1.5 The Social planner and the welfare maximizing tax/subsidy

The social planner chooses the welfare maximizing demand qw and the welfare

maximizing size of the market Qw. He solves the following problem

max
qw,Qw

A(qw − q2w/4) +BQw + CqwQw − q2w/2−Q2
w/2
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First order conditions are:

Πqw(qw, Qw) = A− Aqw/2 + CQw − qw = 0 (32)

ΠQw(qw, Qw) = B + Cqw −Qw = 0 (33)

The welfare function is concave as long as ∆w := A/2+ 1−C2 > 0. The solution is

q∗w =
A+BC

A/2 + 1− C2
, (A+BC > 0),

Q∗
w = B + Cq∗ = B +

C(A+BC)

A/2 + 1− C2
.

The consumer is

• Picky at q∗w if B + Cq∗w > 0, i.e. Q∗
w > 0. As we mentioned before monopoly

clears the market if C = 1. The social planner will choose the same if addi-

tionally B = 0. If B > 0, C = 1 the monopoly will generate overcapacity and

if B < 0, C = 1 there will be a congestion.

• Without any preference for display at q∗w if B+Cq∗w = 0 and the social planner

will set Q∗
w = 0.

• FOMO at q∗w if B + Cq∗w < 0, then Q∗
w < 0. The social planner will solve the

problem at the points Qw = 0. In this case assumption 4 is violated.

Note that the social planner chooses the same network size, so much so that the

welfare maximizing level of the consumption externalities is exactly the same as

the market one. Contrary to Katz and Shapiro (1985), the social planner chooses

the same Network size, but not the demanded quantity. Therefore, the tax/subsidy

is obtained by solving the following first-order equation: qm(τ) = qw, making the

market solution equal to the welfare maximizing one. This leads to the following

tax/subsidy

τw =
−A2/2− AC + AC2 +BC(C2 − A− 1)

A/2 + 1− C
. (34)

Table 2 presents all relevant cases.

——- insert table 2 here ———–
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Table 2: All possible cases for the Unsold Stock of goods example

Positive consumption externalities

Production overcapacity

A = 9, B = −1.6, C = 1.2, A = 2, B = 2, C = 1.2,

p⋆ = 5.782 p⋆ = 2.564

q⋆ = 1.051 q⋆ = 1.282

Q⋆ = 1.261 Q⋆ = 1.538

EXT (B,C, q⋆) > 0 EXT (B,C, q⋆) > 0

The welfare maximizing results

pw = 1.743 pw = 5.714

qw = 1.743 qw = 7.857

Qw = 0.492 Qw = 61.734

EXT (B,C, qw) > 0 EXT (B,C, qw) > 0

Congestion

A = 3, B = −1, C = 0.9, A = 2, B = 1, C = 0.1,

p⋆ = 3.291 p⋆ = 1.337

q⋆ = 0.94 q⋆ = 0.668

Q⋆ = 0.846 Q⋆ = 0.066

EXT (B,C, q⋆) > 0 EXT (B,C, q⋆) > 0

The welfare maximizing results

pw = 1.242 pw = 1.055

qw = 1.243 qw = 1.055

Qw = 0.118 Qw = 1.222

EXT (B,C, qw) > 0 EXT (B,C, qw) > 0

Consider the last set of results. Note that the social planner turns production

overcapacity with positive externality into congestion with positive externality.

Similarly, market congestion turns to welfare maximizing production overcapacity.
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B..2 Inventories

More can be said on the basis of such a modeling. Indeed, it is frequently observed

that the demand can be a function of both the monopoly’s display and warehouse

inventory. To extend our results in that direction, it is possible to consider another

class of utility functions that incorporate the inventory Im. To do so, consider the

utility function

Uk(qm, Qm, Im)

and redo the complete exercise and obtain the consumer’s solution Uqm(qm, Qm, Im) =

p. Using the previous solution of the market-sensitive consumer into the profit

function of the monopoly, Problem PM1 becomes PM1(I)

max
qm, Qm, Im

Π1(qm, Qm, Im) = Uqm(qm, Qm, Im)qm − C(qm,Qm, Im), (35)

subject to: 0 ≤ qm ≤ Im, 0 ≤ Qm ≤ Im. (36)

The monopoly’s marginal condition is: Π1qm = 0,Π1Qm
= 0 and Π1Im

= 0

S1(I)


Uk
qmqm(qm, Qm, Im)qm + Uk

qm(qm, Qm, Im))− Cqm(qm, Qm, Im) = 0 = 0, (37)

Uk
qmQm

(qm, Qm, Im)qm − CQm(qm, Qm, Im) = 0, (38)

Uk
qmIm(qm, Qm, Im)qm − CIm(qm, Qm, Im) = 0. (39)

More pure strategy Nash equilibria can arise. Note that this encompasses all

the cases where the display is higher than the warehouse inventory. The unsold

stocks of goods emerge in these equilibria: qm
⋆ = Qm

⋆ < Im
⋆, qm

⋆ < Qm
⋆ <

Im
⋆, qm

⋆ < Qm
⋆ = Im

⋆.

B..3 Quality and luxury goods

Our model can also be extended in the direction of the quality of goods. Indeed,

denote q the useful quality needed by the consumer and Q the overall quality of a

given product. The excess of quality Q− q explains the existence of luxury goods.

As Veblen (1889)[32] mentions in his book, page 82 there are consumers who are

luxury sensitive, so are our Q+-consumers. Finally, a consumer who buys a soft-

ware with Q options usually uses just q of them.
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Another possible interpretation of our setting considers Q as a measure of gen-

eral product quality for the output q, as in the classic paper by Spence (1975)[31]

or in the environmental sense as in Amir, Gama and Maret (2019)[2].

VI. Conclusion

In this paper, there are two types of consumers. Consumers who are market pro-

duction sensitive, i.e. who appreciate the size of the market while buying a type of

good. For example the higher the display, the higher the demand, or the higher the

size of a network, the higher the utility. Other consumers appreciate tiny markets

while buying and the lesser the production the higher the demand. For example,

luxury goods are more appreciated than others for their scarcity which makes them

valuable.

The firm is a modified monopoly that strategically chooses both the price and

the market size. In a static environment with perfect information, no uncertainty

and flexible prices, the paper shows in which conditions a production overcapacity

emerges, regardless of the consumer’s type. It is shown that this depends on the

shape of the utility and cost functions.

If a social planner chooses the welfare maximizing tax / subsidy in the econ-

omy, he chooses not to clear markets. Some example illustrate the general results of

the model. Extensions of the model are provided, when it is necessary to determine

the demanded quantity related to the display and warehouse inventories. At the

pure strategy Nash equilibrium, it is shown that similar to the benchmark model,

unsold stocks of goods may exist. However, other situations are dealt with. For

example, it is possible that an excess of warehouse inventories coexist with a very

small display with respect to the demanded quantity. Network goods are explored

and the shape of the utility function explains some major results of this literature,

Katz and Shapiro (1985)[21], Amir and Lazzati (2011)[3] and Amir, Esvtigneev and

Gama (2021)[4].
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A Mathematical background

The concept of generalized concavity finds many applications in economics. It

is used to measure the curvature of functions with specific economic meaning -

demand functions, price functions, production functions, distribution functions.

Generalized concavity finds many applications in Cournot games. Anderson and

Renault (2003), [5], use it to derive two efficiency bounds of oligopolistic competi-

tion. Ewerhart (2014), [17], applies generalized concavity to obtain unifying con-

ditions for existence and uniqueness of a Cournot-Nash equilibrium. Here we will

provide some general definitions and properties of α-concave functions relevant

to our modeling.

We consider a function f : Ω → R+⋆ defined on a convex set Ω ⫅ R+

DEFINITION 6 A positive function defined on a convex set Ω ⫅ R+ is said to be α −
concave, where α ∈ [−∞,+∞] if for all q, r ∈ Ω and all λ ∈ [0, 1] the following inequality

holds true:

f(λq + (1− λ)r) ≥ mα(f(q), f(r), λ)

where mα : R+⋆ × R+⋆ × [0, 1] → R is defined as follows:

mα(a, b, λ) =



aλb1−λ if α = 0,

max{a, b} if α = ∞,

min{a, b} if α = −∞,

(λaα + (1− λ)bα)1/α otherwise.
.
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In the case where α = 0, the function is log-concave, in the case where α = 1,

the function is simply concave. The concept of generalized convexity can be stated

in an analogous manner with inverse inequalities.

The following lemma is very important because it implies that α-concavity en-

tails β-concavity, for all β ≤ α.

LEMMA 1 The mapping α → mα(a, b, λ) is non-decreasing and continuous.

A proof of this lemma can be found in [30].

We are especially interested in −1-concavity (convexity).

DEFINITION 7 A positive function defined on a convex set Ω ⫅ R+ is said to be −1-

concave (convex), if for all q, r ∈ Ω and all λ ∈ [0, 1] the following inequality holds true:

f(λq + (1− λ)r) ≥ (≤)(λ(f(q))−1 + (1− λ)(f(r))−1)−1.

The inequality is strict if the function is strictly −1-concave (convex). It is clear

that a positive function f(·) is −1-concave (convex) if and only if 1/f(·) is convex

(concave). From Lemma 1 it follows that all positive constant, linear, log-concave

and concave functions are −1-concave. The following property characterizes the

positive twice continuously differentiable −1-concave (convex) functions.

PROPOSITION 2 A positive and twice continuously differentiable function is −1-concave

(convex), if and only if for all q ≥ 0: f(q)fqq(q)− 2(fq(q))
2 ≤ 0(≥ 0).

Proof. f(q) is −1-concave (convex) ⇔ 1/f(q) is convex (concave) ⇔ (1/fqq(q)) ≥
0(≤ 0)⇔ f(q)fqq(q)− 2fq(q)

2 ≤ 0(≥ 0) for all q ∈ Ω. 2

The inequality is strict if the function is α-concave, −1 < α < 0. Now, we will

analyse the function r(q) = f(q)q. We will use the properties of the function 1
aq+b

which supports −1-concave (convex) functions (analogous to the linear supports

of concave (convex) functions). From now on, in this section, we suppose f is a

positive, continuous and decreasing function, finite on R+⋆, it may take on +∞ on

0.
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THEOREM 6 Let f be a strictly −1-concave (convex) function, then r(q) = f(q)q has

no local minimum (maximum) greater than 0.

Proof. Suppose there is a local minimum (maximum) q > 0. As f(·) is positive,

strictly −1-concave (convex) and decreasing ⇒ 1/f(·) is positive, strictly convex

(concave) and increasing. There exists a > 0 and b so that 1/f(q) ≥ (≤)aq + b,

with strict inequality if q ̸= q, furthermore aq + b > 0 at least at a vicinity of q,

consequently f(q) < (>) 1
aq+b

at a vicinity of q, q ̸= q. Since q is a local minimum

(maximum) of r(q), for all q at a vicinity of q, q ̸= q:

q
1

aq + b
= qf(q) ≤ (≥)qf(q) < (>)q

1

aq + b
.

The last inequality implies q 1
aq+b

has a strict local extremum at q and direct verifi-

cation shows it is a contradiction. 2

THEOREM 7 Let f be a −1-concave function, let Ω be an interval where r(q) = f(q)q

is increasing. If f(q) > 0 and fq(q) < 0 for all q ≥ 0 then r(q) is concave in Ω.

Proof. It is a direct consequence of the following two inequalities:

fq(q)q + f(q) ≥ 0

f(q)fqq(q)− 2(fq(q))
2 ≤ 0.

2

COROLLARY 2 Let f be a (−1)-concave function, let c : R+ → R+ be a convex

increasing function then the function Π(q) := f(q)q − c(q) is quasiconcave.

Proof. A direct consequence of Theorem 6 and Theorem 7. 2
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B Appendix: Examples

A. A simple example where the sign of UqmQm
(qm, Qm) may differ

from that of the consumption externalities

A simple example illustrates that the sign of UqmQm(qm, Qm) may differ from that

of the consumption externalities. Let us denote the consumption externalities

v(q,Q) := −AqQ2+BQ+C. Consider the following quadratic in q and quadratic in

Q utility function U(q,Q) := q (v(q,Q)− q). We have Uq = −q(2AqQ + B). On the

following graphic, the blue curve represents the crossed derivative UqQ, the yel-

low curve the value of the externality. The graphic illustrates cases where the blue

curve is positive while the yellow one is negative (the blue curve on the following

graphic) and UqQ = −4AqQ+B (the yellow curve on the following graphic).6

6Recall that the consumer maximizes its surplus and not its utility function.
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B. Examples of various utility functions

Examples of utility functions with α concave marginal utilities, 0 < α < 1, suitable

for our model: u(q) := −e−(Aq+B), A > 0, B ≥ 0; u(q) = 1/ρ(Aq + B)ρ, ρ ∈
(−∞, 0), A > 0, B > 0; u(q) :=

√
ln(q + A) +B, A > 0, B > 0. The logarithmic

utility leads to both −1 concave and convex marginal utility.

Here are some examples of utility functions of a consumer with a preference

for displayed goods.

Example 1 - Qm
γu(qm). Consider a function of the type Qm

γu(qm). Uk(qm, Qm) =

Qm
γu(qm), u(qm) > 0 a separable utility function. The consumer is picky in the case

of 0 < γ < 1, and FOMO, in case of −1 < γ < 0, if γ = 0, then consumer’s utility

coincides with the utility considered in the classical microeconomic literature. If

u(qm) < 0 the consumer’s type is opposite. Note that in case −1 < γ < 0 the

function is not defined at the points so that Qm = 0.

Picky consumer

α-concave marginal utility function, α = −1, picky consumer.

If the utility function of the picky consumer is Qm
0.5(e − e−qm+1), CQ(Qm) =

Qm/4, Q0.5(e − e−qm+1), then we have qm
∗ = 1, γQm

γ−1u′(qm
∗)qm

∗ = 0.5Qm
−0.5,

Qm
∗ > q∗. The unsold stocks of goods exist - Figure 1.

Figure 2 illustrates the case without any unsold stocks of goods: the utility function

of the picky consumer is Qm
0.5(e−1 − e−qm−1), CQ(Qm) = Qm/4 and consequently

qm
∗ = 1, γQm

γ−1u′(qm
∗)qm

∗ = 0.5Qm
−0.5e−2, Qm

∗ < q∗.
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Figure 1: Case with an unsold stock of goods
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If −1 < γ < 0, then γQm
γ−1uqm(qm)q − CQ(Qm) < 0 and (8) has no solution.

There is no possible solution such as Qm > qm. Here, the marginal revenue with

respect to Qm is negative.

Example 2 - U(qm, Qm) = − (Qm+1)1/2

(qm+1)
. The consumer is FOMO in this example.

The cost function is C(Qm) = 1/16Qm. The solution is (qm∗, Qm
∗) = (1, 3), there are

unsold stocks of good.

Example 3 - The welfare economy. Consider a FOMO consumer with a util-

ity function − (Qm+1)9/10

(qm+1)
. The monopoly’s total cost function is Qm

2/2. The mar-

ket equilibrium is at (qm∗, Qm
∗) = (0.443, 0.443). The social planner’s solution is

(qw
∗, Qw

∗) = (0.091, 0.091), τ = 0.734. After the tax the monopoly’s solution is the

same as the social planner’s solution. If C(Qm) = Qm
2/4, the market equilibrium

is at (0.652, 0.652), the social planner’s solution is (0.168, 0.168), τ = 0.625, but af-

ter the tax the monopoly’s solution will be (0.167, 0.217) and undesirable unsold

stocks of goods will be generated. However, the overall utility at (0.167, 0.217) is

greater than the overall utility at (0.652, 0.652).


